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Link Models for Circuit Switching 

 
 
The basis of traffic engineering for telecommunication networks is the Erlang loss function. It 
basically allows us to determine the amount of telephone traffic that can be carried on a link in a 
network. The derviation of Erlang's loss function is really just a simple application of a state-
dependent queue. 
 
To begin with, we need to make a few observations about the nature of telephone traffic, ie how 
people make calls, and how long they are likely to talk for. 
 
Telephone Traffic 
 
Call initiation. 
 
From the point of view of the network, customers can be assumed to attempt to make new calls at 
random, ie according to a Poisson process. 
 
While for an individual customer this is probably not true, the adding together of many anonymous 
customers does produce a process which is very close to Poisson. This has been validated by many 
measurements, and is generally accepted as a good approximation. One time when it does fail 
however, is when customers find network congestion, and make repeat attempts. This makes the 
statistical description much more complicated, and we won't be considering repeat attempts in any 
great detail during this subject. 
 
Length of calls. 
 
The usual assumption for telephone traffic is that the length of successful calls can represented by a 
negative exponential distribution. This assumption is much less accurate than the assumption that 
arriving calls form a Poisson process, but it is justified from at least two viewpoints. 
 

• It makes the mathematics much simpler! 
 
• For some of the results, we will find that the answer does not depend on the distribution that 

we choose - it simply depends on the mean of the distribution (known as the insensitivity 
property). The negative exponential assumption just makes it easier to find the result. 

 
In numerical terms, the mean duration of a successful call is approximately 3 minutes, or for a call 
in a cellular mobile network, around 2 minutes. 
 
Traffic quantities. 
 
The quantity of traffic in a network  is described by a non-dimensional quantity called an Erlang, 
named after A. K. Erlang who first applied statistical concepts to telephone traffic, and began the 
whole area of mathematical research known as queueing theory.  
 
We can define  traffic  as follows: 
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Let the traffic arrival process be Poisson, with a mean arrival rate of λ  customers per second. Also 
let the mean conversation time (mean holding time)of a call be h seconds. Then the traffic offered 
to the network is defined to be  
 

A = λ h    Erlangs 
 

ie the mean number of new call attempts arriving during the conversation time of a typical call. It  
defines the demand for network resources. There are other alternative, but equivalent definitions of 
traffic, which we will discuss later when we consider the differences between offered traffic and 
carried traffic. We will see that an Erlang can be thought of as being equivalent to one circuit on 
average being busy, and, say, 10 Erlangs as being equivalent to 10 circuits busy on average.  
 
The significance of the Erlang is that the performance measures for circuit-switched networks 
depend only on the product of calling rate and holding time, and not on the specific values of the 
individual parameters. 
 
The Erlang Loss function. 
 
We'll now proceed to derive the basic performance equation for a single link in a circuit-switched 
network. 
 
Let's consider a system with N circuits on a single link, with customers arriving according to a 
Poisson process at rate λ customers per second, and with successful customers having a mean 
holding time of h seconds, distributed as a negative exponential distribution with parameter 
µ  = 1/h, ie a successful customer can be considered to be served at a rate µ  per second. If a 
customer attempting a new call finds all the circuits busy, there are no waiting places, so we'll 
assume that the customer just goes away and forgets about making the call (ie we don't allow repeat 
attempts). 
 
Now define the state of our system by the random variable K, where K represents the number of 
customers currently in the system, then K can take on any integer value in the range from 0 to N. 
 
With these assumptions, our model is simply a state-dependent queue, with arrival rate 
λ  (independent of the state), and service rate iµ  when the system is in state K=i. 
 
This is known as an M/M/N/N queue: Markovian arrivals, Markovian service time, N servers, and a 
maximum of N customers in the system. 
 
We can draw the following Markov chain diagram to represent the system. When there are i 
customers the service rate is iµ , which is due to the fact that there are i customers, each with a 
service rate µ, so the total service rate is  iµ . 
   

. . .0 1 2  N-1 N
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Let pi  be the probability that the system is in state i, ie Pr{K = i}. 
 
Under conditions of statistical equilibrium, the solution is (using the results for state-dependent 
queues) 
 

  
pi =

λi

µii!
p0 =

Ai

i!
p0 i = 0,1,,n  

 
The probability  p0   is determined by the normalising condition that the probabilities must sum to 
unity 
 

p0 =
1
Aj

j!j= 0

N
∑

 

so 

pi =

Ai

i!
A j

j!j= 0

N
∑

 

 
Observe that this is simply a truncated Poisson distribution. Also observe than this result depends 
on the traffic A, and not on the specific values of λ  and µ .  
 
Blocking Probability 
 
To find the blocking probability of the system, we note that it is just the probability that all of the 
circuits are busy, and is therefore given by pN . This formula for A Erlangs offered to N trunks is 
known as the Erlang loss function, which we will denote by EN (A) . It is also sometimes called 
Erlang–B (B for Blocking), and it is given by  
 

EN (A) = PB = pN =

AN

N!
Aj

j!j= 0

N
∑

 

 
Exercise: 
 

A simple minded application of the formula can easily result in an unstable calculation for large 
values of N. However, by expressing  EN (A)  in terms of EN−1(A) , you can derive a  
straightforward and stable recursion for the loss function, starting from  E0(A) =1.0 . Show that 
the recursion can be written as: 

1
EN (A)

= 1+ N
A

1
EN−1(A)

 

 
You might like to write a simple program to calculate EN (A) .  You will find this useful in the 
remainder of this subject. 
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Example of the use of the Erlang Loss function 
 
In practice, the Erlang loss function is used as follows. First some forecast is made of the offered 
traffic to be expected, say  59.0 Erlangs. Then, the network is designed to some specified blocking 
probability, say, better than 1.0%. Then we must find a value of n such that En(A) ≤ 0.01.  Once 
upon a time, this would have been done by looking up a set of tables, but now is more likely to be 
done by a simple program on a computer, PC, or programmable calculator. By any of these means 
we can find that E73(59.0)  = 0.01031 and E74(59.0) ≤ 0.01  = 0.00815, so we would need 74 
circuits. 
 

 
Properties of the state solution 
 
Carried Traffic: 

E{K} = ipi
i= 0

N
∑ = i

i= 0

N
∑

Ai

i!
p0 = A Ak

k!
p0

k=0

N−1
∑ = A(1 − PB )  

 
This value of the mean number of occupied circuits is called the carried traffic, which we will 
denote by Ac . The value A is called the offered traffic, and the two are related by 

Ac = A(1 − EN (A)) 
 
Offered traffic is the amount of traffic that would be carried by the network if it was infinitely 
large, never suffered breakdowns, etc. Carried traffic, in contrast, is the traffic that is actually 
carried by a real network – it takes account of the fact that a network will not be able to carry all 
calls. Carried traffic can be measured while offered traffic cannot, but nevertheless, both are useful 
concepts. In these terms, e.g. 15 Erlangs of carried traffic corresponds to 15 circuits on average 
being busy over some measurement period. Therefore  an Erlang of carried traffic corresponds to a 
single circuit being continuously busy. 
 
Lost Traffic: 
 
Lost traffic is just the amount of traffic which finds the link busy and therefore is lost. It is equal to 
the difference between the offered traffic and the carried traffic.  
 
Example Using the Erlang loss formula, we can look at the relationship between offered traffic, 
carried traffic, and lost traffic. For the earlier example with 59 Erlangs of offered traffic, and 74 
circuits, the carried traffic is 59.0 ∞ (1.0 - 0.00815) = 58.52 Erlangs, and the lost traffic is 0.48 
Erlangs. Alternatively, if we find that a group of 74 circuits is carrying 70.0 Erlangs (ie mean 
number of busy circuits), then the offered traffic must be 84.0 Erlangs, and the lost traffic is 14.0 
Erlangs! 
 
Time Congestion vs Call Congestion, and PASTA 
 
The value EN(A)  represents the proportion of the time that all circuits are busy, and is therefore 
called the time congestion. This is to distinguish it from call congestion, which is defined as the 
proportion of calls that find the system busy (which is also the definition of grade of service). The 
difference is that the time congestion is the congestion observed by the system, and the call 
congestion is the congestion seen by customers. 
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For the case of Poisson arrivals, these quantities are the same according to a theorem known as the 
PASTA theorem. (Poisson Arrivals See Time Averages.) However, for non-Poisson arrivals, we do 
need to distinguish between time congestion and call congestion. 
 
We can easily demonstrate that time congestion PB  and call congestion PL   are equal in this case, 
as follows: 
 

 E{T}= 1
µ

 (conversation time of one call irrespective of other calls in the system) 

 E{K} = A 1− PB( )   
 γ  = arrival rate of accepted calls = λ (1 – call congestion) = λ(1− PL )  
 
Use Little's formula: 
 

 
E{K} = γ E{T}
⇒γ = λ(1− PB)

 

 
We therefore have γ = λ(1 − PB ) = λ (1− PL) ,  therefore, time congestion = call congestion. 
 
 
 
Validity of the Erlang Loss function 
 

• This result has been derived assuming that call holding times are negative exponentially 
distributed. It can be shown (but we won't do it here) that any holding time distribution with 
this same mean produces the same result for grade of service, carried traffic etc. All that is 
required is a Poisson distribution for the arriving traffic. 

 
• The Poisson approximation for new call attempts has been validated by measurements. 
 
• It is not valid if repeat attempts are significant. 
 
• It is not valid for overflow traffic. 
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The M/G/1 Queue 
 
In an M/M/1 queue, the packet lengths are assumed to be negative-exponentially distributed. We 
now need to consider a more realistic situation where packets may have some other type of 
distribution, for example fixed-length packets.  
 
The M/G/1 Queue 
 
We now consider a single server Poisson arrival queue, where the service time is no longer negative 
exponential. The reason that negative-exponential distribution was so useful was because of the 
memoryless property of that distribution, ie knowledge of how much of a packet has already been 
transmitted gives us no information about how much longer it will take to complete its 
transmission. This allows us to set up a continuous time Markov chain whose solution gives us the 
probabilities that we require. 
 
However, if message lengths have some other distribution, then knowledge that a message has 
already spent t seconds being transmitted gives us further information that we need to use. There 
are two possible approaches to solving this more difficult problem: 
 
• Introduce a further variable U which records how much of the message has been 

transmitted. Then the pair of variables (K , U) gives enough information to write equations 
for the rate of change of the system state. (K is the number of messages waiting or being 
transmitted.) 

 
• We can note that, if we only consider the times when a message completes its transmission, 

then the number of messages waiting, Q, is enough to describe the system state. We have 
therefore managed to get by using only one variable, but at the expense of only being able to 
evaluate state probabilities at message completion times. This approach is known as the 
'embedded Markov chain'. This is the approach that we will use here. 

 
We will denote the service time pdf by pH(h), with mean h  and second moment h2 . 
 
Embedded Markov Chain 
 
Assume that the service discipline is first-in first-out (FIFO).  
 
Let the random variable Qj represent the number of waiting messages at the time immediately after 
the jth message is completed. Qj does not include the jth customer. Then the evolution of the queue 
length at departure instants can be represented by: 
 

 Qj =
Qj−1 −1 + Vj Qj−1 ≥ 1
Vj Qj−1 = 0
# 
$ 
% 

 ...(1) 

 
This states that the queue length after one message has been transmitted has decreased by one (the 
message just transmitted), but increases by   Vj  , the number of new arriving messages during the 
transmission of the jth message. However, if the previous message left an empty queue behind (ie 
the case where Qj−1 = 0  ), it is just given by the number of messages that have arrived during the 
service of the newly departing message . 
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The first case in (1) (Qj−1 ≥ 1) corresponds to the server being busy processing message j for the 
whole of the time between the departure of message j–1 and message j. 
 
The second case in (1) (Qj−1 = 0 ) corresponds to the server being idle for some of the time between 
the departure of message j–1 and message j, i.e. it is idle until message j arrives, and then busy until 
message j leaves. 
 
This equation can be written more compactly in the following form 
 
 Qj = Qj−1 − u(Qj−1 ) +Vj   ......(2) 
 
where u(.) is a unit step function defined by 
 

  
u(x) =

0 x= 0
1 x≥ 1
" 
# 
$  

 
In solving for the queue length distribution, we will first solve for the mean queue length directly, 
and later will solve for the distribution of queue length using generating functions. 
 
First, let us take the expected value of equation (2), and assume the queue to be in statistical 
equilibrium (ie steady-state). This means that the distribution of Qj and Qj–1 are identical, and more 
specifically, that their means are the identical. We will omit the subscripts when referring to steady-
state quantities. 
 
We have  

E{Qj} = E{Qj−1} − E{u(Qj−1)} + E{Vj} 
In steady-state 

E{Q} = E{Q} − E{u(Q)} + E{V} 
ie E{u(Q)} = E{V}   
 
and we know that { } ρλ == hVE  (Poisson arrivals in a random time period) . 
 
Note also that, from its definition, E{u(Q)} = Pr{Q> 0}  . 
 
We now have that E{u(Q)} = Pr{Q> 0} = E{V} = ρ  , ie the occupancy of the M/G/1 queue is given 
by ρ  , exactly as it was for the M/M/1 queue. 
 
Mean queue length 
 
In order to obtain the mean queue length, we will square equation (2), and take expected values. 
 

Qj
2 = (Qj−1 − u(Qj−1 ) +Vj )2

= Qj−1
2 + u(Qj− 1)

2 +Vj 2
−2Qj−1u(Qj−1 ) + 2Qj−1Vj − 2u(Qj−1)Vj

 

 
Taking the expected value of this appears to be a bit messy, but it is straightforward it we attack it 
term by term. 
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E{u(Qj−1 )
2}   Since the function u(.) can only take on values of zero or one, we have  

   u(.)2 = u(.)  , and so E{u(Qj−1 )
2} = E{u(Qj−1)} = ρ  . 

 

  E{Vj
2}   Vj is the number of Poisson arrivals in a random time interval. We can 

show: 
   E{Vj

2} = λ 2E{service time }2 + λE{service time } = λ 2h2 + ρ   
 
E{Qj−1u(Qj−1)}  Again, since the function u(.) can only take on values of zero or one, we 

have   xu(x) = x  , and so E{Qj−1u(Qj−1)} = E{Qj−1} = E{Q}  . 
 
E{Qj−1Vj} Since the random variables Qj-1 and Vj are independent, we have 
 E{Qj−1Vj}= E{Qj−1}E{Vj} = E{Q}E{V} = ρE{Q}  . 
 
E{u(Qj−1 )Vj} Again, since the random variables Qj-1 and Vj are independent, we have 
 E{u(Qj−1 )Vj}= E{u(Qj−1)}E{Vj} = E{u(Q)}E{V} = ρ 2  . 
 
Putting these terms together, we have 

E{Q2} = E{Q2} + ρ + λ 2h2 + ρ
−2E{Q}+ 2ρE{Q} − 2ρ 2  

ie 
2(1 − ρ )E{Q} = 2ρ − 2ρ2 + λ 2h2  

 

E{Q} = ρ + λ 2h2
2(1 − ρ)  

 
This equation gives the mean queue length of the M/G/1 queue at departure instants, and is known 
as the Pollaczek-Khinchin formula for mean queue length. Although it has been derived for 
departure instants, it can be shown that it is true for all time. This proof takes two stages: first, we 
can show that distributions at arrival instants equal those at departure instants for systems where the 
state can change by at most ±1 at each event. Then, using PASTA, we know that arrivals see time 
averages. 
 

ie E{K} = E{Q}  
 

(remembering that K is the queue length seen at an arbitrary time, while Q is the queue length seen 
at departure instants) 
 
Waiting Times 
 
From the P–K equations for mean queue length, it is straightforward to find the mean waiting time 
using Little's formula. Let the mean waiting time (time from message's arrival to the time that it 
begins service) be denoted by   E{W}  . Little's formula gives 

E{K} = E{Q} = λ E{W}+ h ( ) = λE{W}+ ρ  
so 

E{W} = E{Q}− ρ
λ  
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E{W} = λh2

2(1 −ρ )  
 

This is the Pollaczek–Khinchin formula for the mean waiting time. 
 
Example M/M/1 queue (negative-exponential service time) 

   h2 = variance +  mean 2 = 2h 2  

   
E{W} =

λ 2h 2( )
2(1 −ρ )

= h ρ
1− ρ  

   
 This is exactly the equation that we have derived earlier for the M/M/1 

queue. 
 
Example M/D/1 queue (constant service time) 

   h2 = variance +  mean 2 = h 2  

   
E{W} =

λ h 2( )
2(1 −ρ )

= h ρ
2(1 − ρ)  

   
E{T} = E{W} + h = h 2 − ρ

2(1 −ρ )  
 Note that the mean waiting time is exactly half of the mean waiting time for 

the M/M/1 queue. 
 

   
E{WM/D /1}
E{WM/M/1}

=
1
2    

E{TM/D/1}
E{TM/M/1}

=1 − ρ
2  

 
 


